In this letter, a method to construct good binary and quaternary error correcting codes, called complex Hadamard codes, based on a complex Hadamard matrix is presented. The related properties of the codes are analyzed. In addition, through the operation in Z 4 domain, a new simplex soft-decision decoding algorithm for the complex Hadamard codes is also proposed. key words : complex Hadamard matrix, quaternary codes, code over rings, complex Hadamard code, decoding algorithm 
introduction
Error correcting codes are used to provide reliable information transmission over noisy channels. Generally speaking, it is advisable to use codes with large distance, hence correcting large number of errors. Among such codes are those generated from the Hadamard matrices, which meet Plotkin bound tightly [1] , [6] . Hadamard matrices have many applications in communication systems, data compression, cryptography, linear filtering, spectral analysis, combinatorics, orthogonal designs, quantum information theory and coding theory [1] , [4] - [6] . The popularity of Hadamard matrices is due to their simplicity and efficiency in execution of the corresponding fast Hadamard transforms.
A complex Hadamard matrix of order n is an n × n matrix U n whose entries are ±1, ± j, where j = √ −1, and satisfies the following orthogonal requirement, U nŪn T = nI n , whereŪ n denotes the complex conjugation of U n ,Ū n T is the transposition ofŪ n . It is well-known that if U n is a complex Hadamard matrix, then n is even. However, the inverse problem, namely, for any given order n of an even number, it is not yet known whether the corresponding complex Hadamard matrix exists or not, which, in fact, has attracted a lot of interests from scientists for many years. matrix H 2 n of order 2 n can be constructed using the following recurrent formula:
H 2 , where denotes Kronecker product. Similarly, the complex Hadamard matrix of order 2 n can be constructed using the following recurrent formula: U 2 n = U 2 H 2 n−1 . The general constructions for complex Hadamard matrices can be found in [4] . This letter will show how to generate good binary and quaternary error correcting codes by using the complex Hadamard matrices. The rest of letter is arranged as follows. Section 2 discusses the codes over Z 4 constructed from complex Hadamard matrices and the binary codes constructed using complex Hadamard matrices and Gray map. Section 3 discusses the decoding method of complex Hadamard codes based on fast complex Hadamard transform. It is shown that the binary and quaternary complex Hadamard codes constructed in section 2 achieve the Plotkin's bound.
Complex Hadamard Error Correction Codes
Let Z 4 = {0, 1, 2, 3} be a ring of integers modulo 4.Throuhout this letter,Lee weight [2] , [3] will be used in our analysis, which is defined by
2 will be used in transforming quaternary code into the binary code. The map φ is defined by φ(0) = 00, φ(1) = 01, φ(2) = 11, φ(3) = 10, which actually maps the Lee distance (Z n 4 ) to Hamming distance (Z 2n 2 ). One may now associate every vector a = (a 1 , a 2 , · · · , a n ) over Z 4 with an equivalent complex roots of unity se-
Then the Euclidean distance between s and t is
where the superscript H denotes the Hermitian inner product, and
Suppose U n is a complex Hadamard matrix of order n,
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where 2 denote all 2 vector of length n.
is a code over Z 4 , having code length n, 4n codewords and minimal Lee distance n.
, is a code word of code Ω(U n ), thus code Ω(U n ) have code length n and 4n code words. Since any two different row of matrix U n are conjugate orthogonal, by Proof. By definition, the Gray map transforms the vector of length n over Z 4 into the vector of length 2n over Z 2 , and is a weight and distance preserving map from (Z n 4 ,Lee distance)to (Z 2n 2 , Hamming distance).Thus the results are proved.
Decoding the Complex Hadamard Codes
By extending the fast Hadamard transform (FHT) to Z 4 domain, a new simplex soft decision decoding algorithm for the complex Hadamard codes is presented in this section.
If n = 2d, then it can be shown that a complex Hadamard code of order n can correct all errors patterns of Lee weight at most d − 1, detect all errors of Lee weight d.
Let R = (r 0 , r 1 , · · · , r n−1 ) be a received vector, U n be a complex Hadamard matrix. If the complex vector R contains no error, then S = (s 0 , s 1 , · · · , s n−1 ) T = U nR T will be a vector with n−1 components equal to 0, and one component equal to ±n, ±n j. In the presence of errors, these numbers are changed: if the row i of U n was transmitted, 0 
Thus, by computing U nR
T , it would be clear which row of U n , −U n , jU n , − jU n was transmitted.
The U nR T can be computed by the well-known fast complex Hadamard transform. As for decoding complexity, if U 2 n = U 2 H 2 n−1 , the complex Hadamard transform U nR T can be computed using n2 n arithmetic operations. However, the complexity of decoding real Hadamard codes generated from real Hadamard matrix of order 2 n+1 requires (n + 1)2 n+1 arithmetic operations [1] , [6] . Thus decoding the complex Hadamard codes is simpler than decoding the real Hadamard codes with the corresponding parameters.
In coding theory, there are many bounds including Singleton bound, Hamming bound, Plotkin bound, EliasBassylago bound, G-V bound for code over finite field. For Z 4 code, one can also derive the corresponding Plotkin bound, Hamming bound and G-V bound, which are essentially the same as binary case. For example, for n > d > 0, let A(n, d) denote the maximum number of possible codewords in a Z 4 block code of length n and minimum Lee distance d, then the following theorem can be easily proved.
Theorem 3 (Plotkin). For Z 4 block code, the Plotkin bound has the following form for an even d
It is well known that the Hadamard code meets the Plotkin's bound tightly, and the simplex code meets the Plotkin bound within a constant factor. For the complex Hadamard code, the following theorem also holds.
Theorem 4. If there exists a complex Hadamard matrix of order n, then the corresponding quaternary and binary codes reach the Plotkin bound.
Proof. For the quaternary case, by theorem 1, if there exists a complex Hadamard matrix of order n, then there exists a quaternary code with A(n, n) = 4n, which reaches the Plotkin bound. For the binary case, the proof is similar.
Example. Let U 4 be a complex Hadamard matrix of order 4, where
is a quaternary code with code length 4, 16 code-words and minimal Lee distance 4. By Gray map, the corresponding binary code is a non linear binary [8, 16, 4] code C, where 
This code can correct all random error patterns of Hamming weight at most 1, detect all errors of Hamming weight 2. In the following, we show the decoding steps.
Suppose the received vector is 01011011, by Gray map,the corresponding quaternary vector is 1132, the associated complex sequence R = ( j, j − j, −1). Then S = (s 0 , s 1 , s 2 , s 3 
Conclusion
In this letter, we have introduced a method to construct good binary and quaternary error correcting codes by using the complex Hadamard matrices. The complex hadamard codes constructed using our method have simpler decoding algorithm. We do not know whether the complex Hadamard code is equivalent to Hadamard code. If they are equivalent, we can construct the complex Hadamard matrix based on real Hadamard matrix.
